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derivatives is tested by a finite difference scheme. The results are
listed in Table 1.

Conclusions
An efficient and practical procedure based on the generalized

Schmidt orthogonalization is presented to compute the eigenvector
derivatives when repeated eigenvalues exist. The proposed proce-
dure preserves the merits of the published methods but need not
solve a high-order linear equation. Furthermore, the new method can
be easily implemented on computer. As an example, we computed
the eigenvector derivatives of repeated eigenvalues for a cantilever
beam and compared the accuracy of the proposed method with a
finite difference scheme.
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Introduction

PREDICTIONS of strength and failure mode for laminated com-
posite plates with pin-loaded holes are important for structural

engineers. The calculations require precise knowledge of the load
distribution around the holes. Therefore, precise calculation of con-
tact stresses around the hole, including consideration of unknown
contact area, is important.

To date, many investigators have studied the pin-loaded plate
problem analytically1"3 and numerically.4"10 In the literature, pin
elasticity,3'6 friction,1"4'6'8 and contact clearance between pin and
hole1'3-4'6"9 have been studied as the important design factors. Also,
in the contact area, it is generally accepted that there are two distinct
regions: nonslip and slip. But, because of extreme difficulties, only
a few papers3-4'6'8 have included the nonslip region. Furthermore,
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although several workers5'7'8'1() have studied the multipin-joint prob-
lem, most, except Kim and Kim,8 considered the frictionless case or
only the slip region in the frictional case because of the complexity.

In this Note, an extensive parametric study of composite multipin
joints is performed by the penalty finite element method.7-8 De-
sign parameters, geometric factors, contact clearances, and friction
are considered. Pin elasticity is not considered here since previous
work3 has shown that it is not as important as the other factors.
To investigate anisotropic behavior of laminated composite plates,
two representative quasi-isotropic laminates, [0/±45/90 deg]A. and
[02/±45 deglv, are used in the analysis. For the multipin-joint mod-
els, two pins in series and two in parallel are examined. Geometric
factors include width of the plate (W), distance from upper edge
of the plate to the hole center (E), and distance between the pins
(G). Results include contact distributions for each case and the pin-
loading analysis for two pins in series.

Description of the Problem
To analyze the stress around the holes in a pin-loaded anisotropic

plate, the problem is idealized as a two-dimensional plane stress
problem, where the pin is assumed to be rigid.

The pin-joint problem is naturally formulated as the frictional
contact problem. A general class of contact problem with friction is
characterized by the following set of equations and inequalities:
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where £2 is a smooth domain and rD is a displacement-prescribed
boundary, IV is a force-prescribed boundary, TC is a candidate
contact boundary, and {i is the friction coefficient. These systems of
equations and inequalities describe a class of the signorini problems
that obey the Coulomb friction law. As mentioned in the preceding
section, the contact region can be divided into two distinct regions:
the nonslip region is characterized in Eq. (3), and the slip region is
characterized in Eq. (4).

Solution Procedure
To calculate contact stresses around the hole, the penalty finite el-

ement method7'8 is used. For the calculation, the following three pro-
cedures are performed. First, the nonfrictional normal contact stress
is calculated. In this stage, the extended interior penalty technique
is used. For an iterative method, the standard Newton-Raphson
scheme is used. Second, utilizing previous nonfrictional normal
contact stress, the frictional contact problem with known normal
contact stress is solved. In this stage, a regularization procedure
for the friction term is performed and a successive tangent stiffness
scheme is used for the iteration. Third, frictional force obtained in
the second stage is added to total external force, and the equilib-
rium state is searched again. Until the global equilibrium state is
reached, the previous three stages are repeated. For the global con-
vergence criterion, relative error of normal stress is used. Details of
the solution to the contact problem can be found in Refs. 7 and 8.

Numerical Results
Two representative cases of real multipin joints are analyzed: the

plate with two holes in series and the plate with two holes in paral-
lel. The two quasi-isotropic laminates considered here have stack-
ing sequences of [0/±45/90 deg]>¥ and [02/±45 deg]>v. The material
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properties of graphite/epoxy composite (Gr/Ep)3 are taken. For con-
venience, the friction coefficient ^ is assumed to be constant on the
contact boundary.

To evaluate the effects of several factors, the contact stresses
are computed for two clearances levels, two friction levels, and
two different geometric dimensions. Two clearance levels, A, = 0
and 0.1%, are used. The nondimensionalized clearance A is defined
as the ratio between contact clearance and the radius of the hole
[A = (Rh — Rp)/Rh]. The case of X = 0 represents the ideal perfect
fit. The case of X = 0.1% is used to simulate the actual circumstances
in the pin-joint area. Two friction levels, \JL = 0 and 0.2, are used,
where the case of ju, = 0 represents ideal frictionless slip and the
case of IJL = 0.2 represents the real friction coefficient of steel on
Gr/Ep.3 Also, the analyses are performed for two different values
for each geometric factor.

All contact stresses are normalized by the average bearing stress
S(S = P/Dt), where P is the total applied force, D the diameter
of the hole, and t the thickness of the plate.

Two Pins in Series
The mesh system from Ref. 8 is used for the analysis. Half the

plate with two holes in series is modeled by 568 four-node linear
elements with 648 nodes, by utilizing symmetry.

In Fig. 1, the results of [02/±45 deg]A. laminate are shown when
p = 8000 N, X = 0, and /z = 0.2. Similar to the contact area for a
single hole,8 the contact area with friction is wider than that without
friction. Also, the contact stress distribution and the location of the
maximum contact stress vary with friction. Our computations show
that the lower pin experiences more load but less contact area than
the upper pin in the [0/±45/90 deg].y laminate, but the lower pin
experiences more load and wider contact area in the [02/±45 deg],
laminate with the same geometry.

When the clearances of two pins are different from each other, the
results are very different from those of perfect-fit cases. In Table 1,
pin loadings for various clearances are shown. When the clearance

Table 1 Pin loadings with variation of clearances

Frictionless case, N Factional case, N
Casea

I

II

III

Ah
Bc
A
B
A
B

Upper

2926
3008
3186
3228
2762
2830

Lower

5074
4992
4814
4772
5238
5170

Upper

2866
2938
3170
3204
2706
2756

Lower

5134
5062
4830
4796
5294
5244

al) both 0%; II) upper 0.1%, lower 0.2%; and III) upper 0.2%,
lower 0.1%.
bA = [0/±45/90degL-.
c5 = [02/±45degL,
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Fig. 1 Contact stress distribution of [(>2/±45 deg]s laminate in the case
of two pins in series: - - - -, nonfriction (upper); o o o , friction normal
(upper); D D D , tangential (upper); — — —, nonfriction (lower); -A-
A-A-, friction normal (lower); and o o o , tangential (lower).

Table 2 Pin loadings with variation of W_____

Frictionless case, N Factional case, N
Casea

I

II

Ab
Bc
A
B

Upper

2930
2992
2120
2400

Lower

5070
5008
5880
5600

Upper

2886
2933
2044
2316

Lower

5114
5067
5956
5684

al) W/R = 16; II) W/R =
bA = [0/±45/90degL.
CB = [02/±45 deg],.
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Fig. 2 Contact stress distribution in upper pin of the [0/±45/90 deg]s
laminate for variation of W in the case of two pins in series: case I) W/R
= 16; and case II) W/R — 8: - - - -, nonfriction (case I); Q o o , friction
normal (case I); D D D , tangential (case I); — — —, nonfriction (case
II); A A A , friction normal (case n); and o o o , tangential (case II).

of the lower pin is larger than that of the upper pin, the upper pin
has more load and vice versa. Note that friction has little influence
on the pin loading, as shown in Table 1. Friction slightly increases
the pin loading of the lower pin.

The results in the upper pin when the width of the plate W is varied
are shown in Fig. 2 when P = 8000 N, A = 0.1%, and /i = 0.2 in
both pins and when the [0/±45/90 deg], laminate is used. Contrary
to the results obtained with a single hole, the effect of the width of
the plate on contact stress distributions is notable. As the width of
the plate becomes narrower, the upper pin experiences less load and
narrower contact area. So, the lower pin experiences more load and
wider contact area. Further, the load path also changes and a very
different loading for each pin can be expected. In Table 2, the pin
loadings with variation of W are shown. It can be stated from the
table that the variation of W is important in determining the load
path of the pin-joint structure where there are two pins in series. In
this case, friction slightly increases the pin loading of the lower pin.

Our computations show that the effect of the distance between two
pins is that a smaller distance between two pins increases the load
on the upper pin and slightly decreases the contact area. Regarding
the effect of the distance from the upper edge to upper pin, when
the upper pin moves toward the upper edge of the plate, the upper
pin experiences less load and the lower pin more load.

We concluded that several factors, such as clearances, friction,
and geometry, play important roles in determining the load path of
a pin-joint structure. But, although friction is the most important
factor for calculating the contact stress distribution and the failure
characteristic, the friction effect is not important when calculat-
ing only the amount of pin loading of each pin. Note also that the
[02/±45 deg], laminate usually experiences more load in the upper
pin than the [0/±45/90 deg], laminate. But, when G/R or E/R
becomes smaller, the former laminate has less load in the upper pin
than the latter laminate.

Two Pins in Parallel
For the analysis of two holes in parallel, the mesh system from

Ref. 8 is used for the analysis. Half the plate with two holes in
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Fig. 3 Contact stress distribution of [(>2/±45 deg].? laminate for vari-
ation ofE in the case of two pins in parallel: case I) EIR = 6; and case
n) EIR = 3: - - - -, nonfriction (case I); o o o , friction normal (case
I); D D D , tangential (case I); — — —, nonfriction (case II); A A A ,
friction normal (case II); and o o o , tangential (case II).
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New Method for Deriving
Eigenvalue Rate with
Respect to Support

Location
parallel is discretized by 546 four-node linear elements with 613
nodes by utilizing symmetry. In Fig. 3, the results for two values of
distance between the upper edge of the plate to the center of hole E
are shown for the [02/±45 deg]iV laminate. As E becomes smaller,
maximum normal contact stress is reduced and the point of sign
change of tangential stress is located outward from the symmetric
axis of the plate. Also, a wider contact area is found as E becomes
smaller. Also, our computations show the following effects of dis-
tance from the symmetric axis of the plate to the hole G: both contact
areas are almost the same, but the maximum normal contact stress
moves toward the symmetric axis of the plate as G becomes smaller.

The results indicate the importance of geometric factors in the
design of pin-joint structures. In all cases, P = 8000 N, A. = 0.1%,
and /x = 0.2 are assumed.

Conclusions
This study investigated the parametric behavior of multipin joints

of laminated composite plates. Clearances, friction coefficients, and
geometric factors are considered as design parameters for the analy-
sis. Using the penalty finite element method, the pin-joint problems
are solved.

Through extensive parametric study, the following can be con-
cluded: Friction and clearance have a significant influence on the
distribution and the maximum value of the contact stresses. Fric-
tion changes the location of the maximum contact stresses and in-
creases contact area. Clearance affects contact area and the maxi-
mum contact stress. Note that geometric factors also significantly
influence the distribution of contact stresses. These factors change
the location of maximum contact stress and contact area. Also, pin
loadings are changed significantly with variation of the above men-
tioned parameters in case of two pins in series. These findings will
be useful for the design of composite structures by the aerospace
industry.
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I. Introduction

E IGENVALUE rate with respect to cross-sectional variables and
shape variables is of importance in design of structural vibra-

tional systems and, thus, attracts much attention in the research
fields. *~3 Though eigenvalue rate with respect to the cross-sectional
variables has been widely and deeply investigated, eigenvalue rate
with respect to the shape variables is less evolved. Very recently,
Wang4 used the classical normal modal method to derive the for-
mulas of eigenvalue rate with respect to in-span support; Hou and
Chuang5 used the material derivative method to derive the formulas
of eigenvalue rate with respect to in-span support. Their results with
the beam as an example show that the eigenvalue rate with respect
to in-span support location is proportional to the slope of the corre-
sponding mode shape and the support reaction force. In this Note, the
authors present a new method to derive the formulas of eigenvalue
rate with respect to in-span support location using the generalized
variational principle of the Rayleigh quotient. Following the ideas
of this Note, the eigenvalue rate, with respect to such variables as
location of discrete or continuous in-span supports, the location of
concentrated mass, location of elastic support, and location of a sub-
structure, can be derived without any conceptual difficulties. At the
end of this Note, a numerical comparison is given to illustrate the
application of the method presented.

II. Problem Definition
For the sake of simplicity, let us take a beam, shown in Fig. 1, as

an example to illustrate the new method for deriving the formulas of
eigenvalue rate with respect to in-span support location. The beam
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